We obtain a new form for the action of a nonrelativistic particle coupled to Newtonian gravity. The result is different from that existing in the literature which, as shown here, is riddled with problems and inconsistencies. The present derivation is based on the formalism of galilean gauge theory, introduced by us as an alternative method of analysing nonrelativistic symmetries in gravitational background.
Introduction
Nonrelativistic (NR) symmetries in a gravitational background emerged recently as an attractive tool for investigating a wide range of physical phenomena in topics as varied as, but not confined to, condensed matter physics, hydrodynamics and cosmology. The concept of such symmetries is not new, although its ramifications are. Indeed, almost simultaneously with Einstein a (space-time) covariant geometrical theory of Newtonian gravitation [1] was formulated by Cartan [2, 3] . The corresponding Newton -Cartan (NC) manifold has a degenerate metric structure. There is a rich literature [4, 5, 6, 7, 8] on the subject that covers its myriad aspects. Recent applications require coupling of matter fields with gravity which is done through the use of these Newton Cartan metrics. A number of different approaches to pursue this problem have appeared in the recent past [9, 10] , the most popular among these is based on the gauging of (extended) Galilean group algebra [11, 12] . Just as variants of the approach have been followed in the applications to condensed matter systems, especially fractional quantum Hall effect [9] , [13] , [14] , new results of fundamental implications have also been mooted in giving an action principle for Newtonian gravity [15] . However, in some cases the approach is confronted with various inconsistencies like non canonical transformations of the metric, wrong flat limit etc., as discussed in [16] . The consistency of the foundation of a physical theory is intimately connected with the results of its applications. One would certainly like a compact algorithm which is universally applicable, reproduces the proper transformations of the geometric objects (the metric tensors) and retrieves Galilean symmetry in the flat limit.
A fundamental example is the formulation of an action for a NR particle that couples with gravity [7, 11, 17] . It forms the basis of coupling more and more sophisticated theories ( like superparticles or even (super)strings) with background gravity [18] . The action formalism for the NR particle has been discussed in the literature [7, 11, 17] , following the methods outlined above. However the result, as shown here, fails on both counts on not having the appropriate transformation for the Newton Cartan metric and having inconsistencies in its passage to the flat limit.
The motivation of the present work is to provide a suitable new action for a NR particle in a gravitational background that is not riddled with any problems or ambiguities. It is formulated on a systematic algorithm for coupling matter fields with gravity which was introduced by us in a set of papers [19, 20, 21] . Named as galilean gauge theory (GGT), it is based on gauging the NR symmetry of a generic model in flat space. Numerous illustrations [19, 20, 21, 22, 23, 24] demonstrated the robustness of the algorithm and that it fulfills all the requirements without the addition of any extra or ad-hoc structure. The action found here has the appropriate flat limit and involves coupling with the Newton Cartan metric that has the correct transformations of a metric tensor.
A critical look at the action for a nonrelativistic point particle
The standard action for a NR point particle in flat space is given by,
This description, however, is not symmetric in the coordinates and time. The parametric description is more suitable in the analysis of symmetries where both space coordinates and time are functions of a parameter λ;
The action in this description can be easily obtained from (1) as,
where a prime denotes a differentiation with respect to λ.
The above action is quasi-invariant under the usual infinitesimal global galilean transformations,
where
since the corresponding lagrangian changes as,
The form of the corresponding lagrangian in a curved background is given in the literature [11] as,
where h ij are the spatial metric and A µ is a new gauge field.
It is invariant under the local galilean transformations where, contrary to the standard galilean transformations, the parameters in (4) are now space time dependent. Considering the universal role of time in NR theory, the time translation parameter is taken to be a function of time only (t), while the other ones are functions of both space and time,
The same quasi invariance (5) (now with a space time dependent boost parameter) is reproduced provided the transformation laws of the newly introduced fields are given by,
The lagrangian (6) can be put in a more suggestive form that is frequently used in the literature [11, 17, 18] ,
where,
andh µν andτ µ are elements of the Newton Cartan geometry parametrised as [11] ,
The two other elements of the Newton Cartan geometry are given by [11] ,
One may verify that they satisfy the Newton Cartan algebra,
Two other useful relations that are valid in this parametrisation are,
We now like to stress that there are certain insurmountable obstacles in interpreting (9) as the lagrangian for a NR particle coupled to gravity. These are:
1. There is a problem in taking the flat limit. In this case the new fields (A) vanish, the field Θ goes to unity indicating the flow of time and the spatial metric h ij goes to the Kroneckar delta. Then the lagrangian in the form (6) reproduces the familiar parametrised invariant NR particle lagrangian given in (3). But while this is essential for a proper flat limit, it is not sufficient. The point is that there is an anomaly in the transformation law for A 0 (8). While the left side vanishes, the right side does not. There is a non-zero contribution from the last term containing the boosts.
2. While the first term in (9) involves the appropriate Newton Cartan coupling, the second does not. Moreover the problems are further compounded by the fact that the Newton Cartan structurẽ h µν appearing there does not even transform as a second rank tensor so that it cannot be regarded as an appropriate Newton Cartan metric, despite satisfying the algebra (13) . Hence the meaning and interpretation of the first term also is unclear. This is explicitly shown below for the 0 − i component.
A covariant second rank tensor, under the infinitesimal coordinate transformations (4) should transform as,
Taking the 0 − i component and identifying the various pieces with (11), we obtain the following transformation law for the field A i ,
This does not agree with the given transformation law (8), the difference being the last term proportional to the boosts. In fact the same result is obtained if we repeat the analysis for the other components. This is another manifestation of the boost anomaly mentioned in the above noted first point. Indeed if we drop the boost symmetry, then both problems disappear. The transformation for A 0 is consistent with the flat limit just as the Newton Cartan metric has the correct transformations.
We will return to this point towards the end of the analysis.
It is clear that it is not just desirable but also essential to provide a new form of the lagrangian that is free from these shortcomings. To derive our result we first introduce the rudiments of galilean gauge theory on which our analysis is based.
Galilean gauge theory and Newton Cartan geometry
Over the last few years we have developed a general formalism which is able to construct the curved space generalisation of a given NR theory in flat space [19, 20, 21] . It has been christened as galilean gauge theory in analogy with its relativistic avatar, the Poincare gauge theory [25, 26] . We have provided several applications of this formalism [21, 22, 23, 24] and also exhibited its connection with Newton Cartan geometry [20] .
The basic idea is to localise the galilean symmetry following (7). For a given NR theory in flat space, the invariance holds when the parameters are global. Naturally, on making the parameters space time dependent, this invariance would be lost. To recover the invariance after localisation, one has to replace the ordinary derivatives by suitable covariant derivatives. This requires the introduction of new fields denoted by Λ α ν . The requirement of invariance of the action under local transformations fixes the transformation properties of the new fields as [19, 21] ,
These results are valid irrespective of the specific NR theory under consideration. We shall prove them in the next section for the particle model taken here. This shows that it is possible to provide a geometric interpretation to these new fields. In fact from the above equation we see that while the (local) indices a are Lorentz rotated, the (global) indices ν are coordinate transformed. Thus Λ α ν may be interpreted as the inverse vielbein connecting the local and global basis, 1
The vielbein Σ is obtained by the inverse of Λ,
1 Indices from the beginning of the alphabet denote the local basis while those from the middle indicate the global basis. Greek indices denote space-time while only space is gven by the Latin ones.
and is used for inverting (18) ,ê α = Σ µ αê µ (20) In flat space there is no difference between the global and local basis and the veilbeins simply reduce to the appropriate Kroneckar deltas. It is now possible to give a metric formulation, based on these vielbeins, that reproduces the Newton Cartan geometry. We introduce the two degenerate metrics of this geometry, a rank 3 spatial metric h µν and a temporal one form τ µ [20] ,
Two more covariant structures are introduced,
It is simple to check that they satisfy the Newton Cartan algebra (13) and also the additional relations (14) . Furthermore, the various metrics satisfy the proper transformations, as expected for tensors. This has been shown by us earlier in [21, 22] .
One may wonder that our Newton Cartan metrics have the proper transformations in contrast to that in (11) . This is because, despite both the forms for the metrics satisfying the Newton Cartan algebra, the two are different. This is the well known ambiguity where different Newton Cartan metrics are related by the Milne boost symmetry which has a natural explanation in the context of GGT [24] . There are two versions of this symmetry. Either the forms for τ µ and h µν are preserved and v µ and h µν modified or it is the other way round. As we can easily see it is the first option that is relevant here. Then the Milne symmetry is manifested by the relations,
where ψ µ is an arbitrary vector field and the projection operator P µ ν is defined in (13) . Using the various structures for the metrics it is possible to show that while ψ 0 remains arbitrary, ψ i is determined as,
This shows the connection between our forms for the Newton Cartan metrics and that used in (11) and (12).
Nonrelativistic particle in curved background from galilean gauge theory
We are now ready to derive the action for a NR particle in curved background using the formulation of GGT. We first see the mechanism of the invariance of the flat space theory (3) under global galilean symmetry. Explicit use of the variations of the derivatives is necessary. These are given by,
as is constant and,
The change of the action (3) is then boundary terms only, given by (5) . The same equations of motion follow from both the original and the transformed action. So the theory is invariant under the global galilean transformations.
We will now proceed to localize the galilean symmetry of the model (3), applying the algorithm of GGT developed by us. It will be useful to express the derivative as
The first step is to make the parameters of the global transformation functions of space and time following the prescription (7).
The second step follows logically from the first. The local transformations (7) are structurally same as the global galilean transformations only in the neighborhood of a point. We therefore erect everywhere a local coordinate system. The local basis at this stage, is trivially connected with the global basisê
The transformations with the localized parameters can be called a local Galilean transformation with reference to the local coordinates. If we formulate the theory with respect to the local coordinates, the transformation of the coordinates remain formally the same but the derivatives cease to vary as (26) and (27) . The next step of our algorithm is to replace
Here Λ β ν are a set of new compensating (gauge) fields, the transformations of which will ensure that the 'covariant derivatives' will transform in the same way as the usual derivatives do in the global theory. Then the new theory obtained by replacing the ordinary derivatives by the 'covariant derivatives' will be invariant under the local gauge transformations. This is the essence of the gauge principle. It is not difficult to calculate these transformations,
To keep it covariant i.e. formally the same as (26), we require the above expression to vanish, so that, δΛ
According to our requirement, we should get the covariant transformation law that formally looks like (27) , replacing the ordinary derivatives by the covariant ones,
Solving the above equation yields,
and,
The relations (33), (34) and (35) reproduce the desired result (17), as announced there.
We have thus proved that if the new fields obey (17), then (3) is the desired action. In fact, substituting (17) in the variation of (36) we can compute
It is formally the same as (5) . In case of the global Galilean transformations, invariance of the action followed immediately since u a was a constant parameter. Here we have to show that the integrand is indeed a total derivative.
Using Leibnitz rule, which trivially follows from the definition of the covariant derivatives,
Now, from (31),
When we go to the global Galilean transformation limit, Λ α ν → δ α ν and
dλ . Then, isolating the spacetime dependence of Λ α µ as a first order correction,
we obtain,
The second term on the right side is quadratic in the infinitesimals and hence is dropped. Then upto first order,
Again, upto the same order,
Inserting all these in (37) we get
The modified action (36) is thus invariant under local Galilean transformations, as it should be according to the general algorithm of GGT developed in [19, 20] .
It is now possible to express the action (36) in a covariant form using the elements of NewtonCartan geometry. From (31) and (22) we get,
so that the final form looks like,
where we have set Λ 0 0 = Θ. This is the same Θ that appeared earlier in (6) . This identification is done on the basis of identical transformations (8) and (33). In terms of the usual time variable the action has the form,
Expressions (46) and (47) are the cherished forms for the action of a NR particle coupled to gravity. Introducing the invariant measure by a scaling,
which follows from (4)and (33), it is possible to rewrite (47) in a manifestly space-time covariant form,
The space-time covariant forms of the action presented either in the parametrised version involving λ or the usual time variable are new in the literature. It is also important to mention that the metric formulation of the theory given in (50) involves h µν which is an element of the Newton-Cartan structure. This shows that the coupling is indeed with NR (Newtonian) gravity.
The two shortcomings of the lagrangian (9) do not occur here. The flat limit poses no problems. In this limit we recall that the vielbeins reduce to the Kroneckar deltas. Then Θ = 1 which implies T = t, h 00 = h 0i = 0 and h ij = δ ij . The action (50) reduces to the standard NR action for a free partiacle in flat space. Contrary to (9) there are no gauge field terms and we do not have to worry about the consistency of their transformations. Also, as mentioned earlier, the Newton Cartan metric h µν correctly transforms as a second rank covariant tensor.
Before closing the section we mention that if boosts are ignored then the lagrangian given in the literature [7, 11] agrees with our result. This is most easily seen by taking the form (6) and comparing with (46). In this restricted symmetry case we may identify,
which is proved by the equality of the transformations on either side where h µν is defined in (22) . Then our result (46) is reproduced. That boosts play a spoilsport may also be realised from the fact that while it is possible to identify the vielbeins Λ 0 0 and Λ j i of our approach with corresponding fields Θ and E j i in [11] , there is no analogue for Λ i 0 . It is simply nonexistent. Final comments
